Abstract. A systematic procedure for generating cubic multisections of Eisenstein series is given. The relevant series are determined from Fourier expansions for Eisenstein series by restricting the congruence class of the summation index modulo three. We prove that the resulting series are rational functions of η(τ ) and η(3τ ), where η is the Dedekind eta function. A more general treatment of cubic dissection formulas is given by describing the dissection operators in terms of linear transformations. These operators exhibit properties that mirror those of similarly defined quintic operators.
Introduction
We begin with an identity observed by F. Garvan and communicated to the authors by B.C. Berndt. The purpose of this note is to place this identity in a larger context. The preceding relations are similar to dissections for Eisenstein series of level five appearing in [9] involving Dirichlet characters modulo five. We have the following dissection formulas for the quintic Dirichlet character defined by χ(n) 
The analogous dissection formulas we derive for Eisenstein of level three are consequences of a triple of fortuitous relations between generators for the relevant spaces of modular forms. To derive the expansions, we employ well known properties of the Borwein's cubic theta functions a(q), b(q), and c(q), defined by
Equivalent formulations of all three identities appear in Ramanujan's notebooks [12] . The first proof of (1.5) was given by J. Borwein and P. Borwein [4] . Transformation formulas resulting from Theorem 1.3 appear in a different form in [3] and motivate cubic analogues of Jacobi's Principles of Duplication and Dimidiation [10] . Such formulas are subsumed in Ramanujan's "theories of elliptic functions to alternative bases" and termed Processes of Triplication and Trimidiation [3] . The utility of these transformations in studying the coefficients of modular forms is apparent in light of the fact that a(q) and c(q) serve as generators for the principal congruence subgroup of level three [2] . In fact, Sebbar [13] proved that the principal congruence subgroups of level three and five are two of precisely six congruence subgroups of SL(2, Z) whose graded ring of modular forms is a polynomial ring with two generators, each of degree one.
The remainder of the paper is organized as follows. In Section 2, we prove Garvan's identity (1.1) and generalize the dissection technique to Eisenstein series of arbitrary weight and cubic character. We identify classes of Eisenstein series whose cubic dissections are expressible as rational functions of the Dedekind eta function at argument q and q
3 . These representations demonstrate general congruence properties for divisor sums and related arithmetic functions that are stated at the beginning of Section 2 and proven in the conclusion of Section 2. In Section 3 we provide explicit matrix representations for dissection operators on certain vector spaces. We use the operators to derive new congruence properties for the coefficients of corresponding eigenforms.
Cubic dissections for Eisenstein series
In this section, we demonstrate that dissections formulas like (1.1) result from parameterizations for Eisenstein series in terms of the cubic theta functions a(q), b(q), and c(q). The combinatorial consequences of our work include several new results for twisted divisor sums and place a number of known results in context. In particular, the ensuing dissection formulas exhibit the following combinatorial interpretations. If ℓ = s = 0 in the latter congruence of (2.1), we obtain an equality corresponding to (1.2), appearing in Granville and Ono's work [8] . The left congruences from (2.2) are proven without reference to Eisenstein series in [11] . The remaining congruences from Theorem 2.1 appear to be new. At the end of this section, we show that each of the generating functions for (2.1)-(2.2) reduce modulo 3 s+1 to dissected Eisenstein series of low weight. Moreover, our work results in explicit eta function expansions for the generating functions corresponding to the trisected divisor sums in Theorem 2.1. The product formulations follow from the product expansions [4] for b(q) and c(q)
To derive the aforementioned expansions for generating functions in terms of cubic theta functions, two classes of Eisenstein series will be appropriate to our discussion. The first are normalized Eisenstein series of weight k for the full modular group
where ζ is the analytic continuation of the Riemann ζ-function. We will also refer to the Hecke Eisenstein series associated with the Dirichlet character χ modulo three
where L(1 − k, χ) denotes associated Dirichlet L-series. Since we build cubic Eisenstein expansions inductively, we require representations for low weight series from [7, 14] 
In the proof of the next Theorem, we show that Garvan's formula (1.1) arises from a dissection of the Hecke Eisenstein series of weight two and trivial character 1. The technique applied here is representative of the methods used in the rest of the paper. denote the Jacobi symbol modulo three. Then
Proof. To derive (2.6), we start with the cubic parameterization for the Eisenstein series of weight two [7, Theorem 11.10] 3 2
Because of the unique determination of the Maclaurin expansions of each side of (2.9), we may equate terms on each side with indices congruent to 2 modulo 3 to derive
The product representations appearing in last equality follow from (2.3). A proof of (2.7) is likewise obtained by applying Theorem 1.3 to the identity [7, Equation (2.33)]
Since a(q) ≡ 1 (mod 3), we may equate terms on both sides of (2.9) of index congrruent to one modulo three to obtain the ℓ = 1 case of the latter congruence in (2.2). By applying the triple product identity to the theta expansion for a(q) [5, Lemma 2.1]
we obtain a companion expansion to (2.6). Most product formulations for dissections involving the function a(q) are similarly unwieldy and will not be further studied here.
In order to achieve the claimed rational expansions in η(q) and η(q 3 ) for dissections of higher weight Eisenstein series, we characterize Eisenstein series of level three whose trisections lie in the complex span of homogeneous polynomials in c(q) and b(q). 
Proof. An induction argument along with recursion formulas from Lemma 2.5 imply
for homogeneous polynomials f 2n+1 and g 2n in a(q) and b(q) of degrees at most 2n + 1 and 2n, respectively. By replacing q by q 1/3 and applying Theorem 1.3, we derive expansions for f 2n+1 (a(q 1/3 ), b(q 1/3 )) and g 2n (a(q 1/3 ), b(q 1/3 )) as homogeneous polynomials in a(q) and c(q) with rational coefficients. From (1.5), and since we have assumed 2n + 1 ≡ 0 (mod 3), the 2n
Since m − m ≡ 0 (mod 3), each exponent of (b 3 (q) + c 3 (q)) in the last summand is a natural number. Therefore, the 2n + 1-dissection of f 2n+1 (a(q 1/3 ), b(q 1/3 )) is a homogeneous polynomial in b(q) and c(q) of degree at most 2n+1. A similar calculation shows the 2n-dissection of the polynomial g 2n (a(q 1/3 ), b(q 1/3 )) is of the required form.
The Hecke Eisenstein series of appropriate weight may be expressed as polynomials in the cubic theta functions by employing recursion formulas for cubic Eisenstein series derived by S. Cooper and others [7] . To avoid a conflict of notation, we adopt the conventions
Lemma 2.5. Let χ and 1 denote, respectively, the Jacobi symbol and the principal character modulo three. Then, for each integer n ≥ 1,
By applying Lemma 2.5, the cubic theta function parameterizations for Eisenstein series of low weight [7, 14] , as well as the familiar recursion formula for Eisenstein series on the full modular group [6, p. 30], we may generate each expansion displayed in the introduction and derive corresponding dissections for Eisenstein series of higher weight
To prove the congruences on line (2.1), apply Euler's theorem a ϕ(n) ≡ 1 (mod n), gcd(a, n) = 1, with n = 3 s+1 to reduce the divisor sums to one of the identities of Theorem 2.2. The congruences from (2.2), follow from the fact that the sums from (2.2) reduce to those of (2.1) modulo 3 s+1 , since for each odd prime p, [11, Lemma 1]
(2.20)
Generalized cubic dissections
We now consider cubic multisections of modular forms beyond the Eisenstein series studied in the previous section. Our purpose here is to study the dissection operators
(3.1) k = 0, 1, 2, on subspaces of homogeneous polynomials in the cubic theta functions. We construct explicit matrix representations for these operators and discuss their spectral properties. Some of the integer eigenvalue and eigenvector pairs induce interesting congruences for the coefficients of corresponding eigenforms modulo powers of three.
To prove the last theorem, we first derive expansions for more general operators. 
If 1 denotes the principal Dirichlet character modulo three, then, for m = 0, 1, 2,
The first few matrices B d for d = 1, 2, 3 from Theorem 3. Proof of 3.2. Suppose that f (q) ∈ O n (a 3 , c 3 ) has has the expansions given by (3.5). Then, from the Borwein's identity (1.5) and the binomial theorem we deduce
Applying Theorem (1.3) and the binomial theorem, we see that
Therefore, for 0 ≤ k ≤ d and 0 ≤ r ≤ 3d, the coefficient of α k a 3d−r c r equals the expression on line (3.4) . Since the contribution to the m-dissection The eigenvectors x i and eigenvalues λ i for the matrix corresponding to O 2 (a 3 , c 3 ) are
We may apply the cubic theta function parameterizations for Eisenstein series from [7] to deduce that the eigenform for x 1 equals the Fourier expansion at τ = 0 for the Hecke Eisenstein series corresponding to the principal character modulo three
while x 2 and x 3 correspond, respectively, to the eigenforms
This proves Theorem 3.1. From divisor sum expansions for (2.5), it follows that the Eisenstein series for primitive Dirichlet character χ at the cusp τ = ∞, E 3j,χ (q), are eigenforms for Ω 3,0 on O 3j (a 3 , c 3 ) with eigenvector 1, while the companion eigenforms
corresponding to the Eisenstein series at the cusp τ = 0, have eigenvalue 3 3j−1 .
The matrices corresponding to Ω 3,0 on O 3j (a 3 , c 3 ) have other interesting properties paralleling those of corresponding quintic operators from [9] . We conjecture that, up to sign, the determinants are powers of three. A proof of the conjecture may follow from an analysis of the spectral structure of Ω 3,0 by way of classical Hecke operators. Similar formulas may be obtained for the determinants of a class of matrix representations for π(f ) corresponding to the embedding π (O n (a, b) ) in O n (a, c). We give a precise construction for these trimidiation arrays in Theorem 3.4. Our proof of the theorem is similar to that of Theorem 3.2, and depends primarily on the Borwein's identity (1.5), the transformation formulas Theorem 1.3, and the binomial theorem. As with the matrices in Theorem 3.2, we observe that the determinants of the matrices from Theorem 3.4 are certain powers of three. This leads to a more general conjecture. 
